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Abstract
In this brief manuscript, we delve into the widely recognized Ciri¢-Reich-Rus-type contractions by integrating the
principles of interpolation within the context of a complete G-metric space.

The investigation of fixed points in functions is a significant field of study due to its wide-ranging applications across
various disciplines. The theory of fixed points is particularly valuable in understanding contractive conditions, which
have practical applications in optimization, parameter estimation, and variational and linear inequalities. Consequently,
fixed point theory has attracted substantial research attention. The introduction of G metric spaces as a generalization of
metric spaces has played a crucial role in advancing fixed point theory (see [1, 2]). G-metric spaces offer a broader context
for exploring fixed points of mappings and have facilitated the extension of established metric space theorems to a wider
range of problems. By addressing the limitations of traditional metric spaces, G-metric spaces provide a more flexible
framework for studying fixed points and have been extensively investigated and applied in diverse fields.

A G metric space, also known as a generalized metric space, represents an extension of the conventional metric space
concept. In a G-metric space, the distance function is permitted to take values from a partially ordered set, rather than
solely non-negative real numbers. This implies that the distance between two points in a G metric space can be in infinite
or undefined, in addition to being a non-negative real number. Mustafa and Sims introduced this approach in 2004 [1],
presenting it as an expansion of the traditional notion of a metric space.

Recently Karapinar [4] proposed a new Kannan-type contractive mapping using the concept of interpolation and proved
a fixed point theorem in metric space. This new type of mapping, called "interpolative Kannan-type contractive mapping"
is a generalization of Kannan’s fixed point theorem. The interpolative method has been used in other research to generalize
other forms of contractions as well [4, 5]. This method has been found to be a powerful tool in the study of fixed point
theory, as it allows for the construction of new classes of contractive mappings and the discovery of new fixed point
theorems.

In the following sections, we will provide the necessary preliminaries and fundamental de definitions that will support
the proof of our main results.

Definition 1. Let X be a nonempty set, and let G: X x X x X - R*,a function satisfying the following properties:
1. Gxy,z)=0ifx=y=12
2. G(x,y,z) > 0, forall x,y € X, withx # y
3. G(x,x%,2z) < G(x,y,2), forall x,y,z € X, withz # y
4. G&xvy,z) =G(x2zYy) = G(y,2zXx) =....(Symmetry in all three variables);
5. G(x,v,z) < G(x,a,a) + G(a,y,z), for all X,y,z,a € X (rectangle inequality)

Then the function G is called a generalized metric, or, more specifically a G —metric on X, and the pair (X; G) is called a
G —metric space.

Example 2. Let (X, d) be a usual metric space, and define G,,, and G on X X X x X - R* by
Gm(xy,z) = max{d(xy), d(y,z),d(x2)}
G(xy,2z) = d(x,y) + d(y,z) + d(x,2)
forallx,y,z € X. Then (X, G,,) and (X, G5) are G —metric spaces.
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Definition 3. Let (X, G) be a G —metric space, and let (x,) be a sequence of points of X. A point x € X is said to be the
limit of the sequence (x,) if lim G(x,x,,x,) = 0, and one say that the sequence (x,) is G —convergent to x.
n,m-oco

Thus, that if x, — 0 in a G —mertic space (X, G) , for all m,n = N, (we mean by N the Natural numbers)

Proposition 4. Let (X, G) be a G —metric space. Then the following are equivalent.

1.  (xy)is G —convergent to X

2. G(Xp,Xp,X) > 0asn - o

3. G(xp,%,x) > 0asn > o

4. GXEp Xpx) > 0asm,n > o

Definition 5. Let (X, G) be a G —metric space, a sequence (x,) is called G —Cauchy.
If for a given € > 0, there is N € N such that G(xp,, X, 1) < €, foralln,m,1 > N
That G(Xp,, Xp, X;) = 0asm,n,]1 - oo
Proposition 6. In a G —metric space, (X, G), the following are equivalent.
1.  The sequence (X,) is G —Cauchy.
2. Forevery € > 0, there is N € N such thaty G(X,, Xm, Xm) < €, foralln,m > N

Definition 7. A G-metric space (X, G) is said to be G-complete ( or complete G —metric ) if every G —Cauchy sequence
in (X, G) is G-convergent in (X, G).

In 2010 Zead Mustafai [13] proved generalized versions of Reich’s results in G-metric space as follows:

Theorem 8. Let (X; G) be a complete Gmetric space, and let T: X — X be a mapping satisfies the following condition:
G(Tx, Ty, Tz) < K[G(x, Tx, Tx) + G(y, Ty, Ty) + G(z, Tz, Tz)] , for all x,y,z € X, where k € [Oé). Then T has a unique
fixed point (say u), and T is G —continuous at u.

This theorem has been generalized in 2023 by edraoui. M, El koufi [7] using the concept of interpolation and proved a
fixed point theorem in metric space

1 Main Results

The concept of interpolative Ciri¢-Reich-Rus type contractions extends the notions of Reich contractions and Ciri¢-
Reich-Rus type contractions. These contractions utilize interpolation techniques, which introduce greater flexibility in
their definition. This flexibility allows for the exploration of fixed points in a wider range of metric spaces and enables
their application in solving various problems in optimization, approximation theory, and variational and linear
inequalities. By incorporating interpolation, the theory of fixed points in metric spaces is expanded, offering a more
adaptable approach for problem-solving across different fields.

In this section, we will examine an interpolative Ciri¢-Reich-Rus-type contraction and an interpolative Reich type
contraction. Their purpose is to establish the existence of fixed points in a G —metric space.

Definition 9. Let (X, G) be a complete G —metric space, and let T: X — X is called an interpolative Reich—Rus—Ciri¢
type contraction, if there are constants A € [0,1) and «, B € (0,1) such that:
G(Tx, Ty, Tz) < A[G(x, Tx, TX)]* - [G(y, Ty, T)IP - [G(z, Tz, T2)]' P @

forall x,y,z € X\ Fix(T)

Theorem 10. Let (X, G) be a complete G —metric space, and T be an interpolative Reich—Rus—Ciri¢ type contraction.
Then T has a unique fixed point in X.
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Proof. Given an arbitrary point x, € X, construct a sequence x,, by x,, = T"(x,), then by ([1]) we have

G(Xp) Xn41, Xne1) = G(Tn(xo)' T (x,), T (Xo))
< AT (x0), T (%), T (x6))]“ - [G(T™ (), TO(x0), T™(x0))]” - [G(T™ (%), T™1 (o), T2 (xo))]

1-a—B

< }\[G(Xn—l» Xn» Xn)]a : [G(ann+1» Xr1+1)]B : [G(Xn' Xn+1s Xn+1)]1_0(_‘3
= }\[G(Xn—l' Xn, Xn)]a : [G(Xn' Xn+1, Xn+1)]1_a

which yields that
[G(Xn) Xnt 1, Xn+ 1) ™% < A[G(Xqg, Xn, Xp) 17 ®)

And so

G(Xp, Xn+1,Xne1) < KG(Xy_1,Xp, X,) Where k = 7\% and clearly k € (0,1).

Thus, we have:

G(Xn, Xn+1, Xnt1) < K"G(Xo, X1, X1) 4
Moreover, for all n,m € N, such thatn < m
Now,we will demonstrate that

rlli_)rgG(Xn:XonXnH) =0
By employing the rectangle inequality multiple times and utilizing equation (4), we can deduce.
G(Xp Xm, Xm) < G(Xp, Xn41, Xnt1) + GXnt1, Xnez) Xn42) + GXnyz) Xnts, Xnaz) + o +6(Xm-1, Xm, Xm)

< (k" + k" k™D G(xg, X1, X1)

n

< mG(XO,Xl,Xl)

Then G(Xy, Xm, Xm) — 0 as m,n — oo, , thus (x,) is G-Cauchy sequence. then by completeness of (X, G), there exists
z € X such that (x,) is G-convergent to z. Suppose that T(z) # z. Then.

G(xy, Tz, Tz) AMGXp—1,%n, X)]* - [G(z, Tz, TZ)]® - [G(z, Tz, Tz)]*~* B

<
< MG X1, Xp, X)]* - [G(z, Tz, T2)]* ¢

Taking the limit as n — oo and using the fact that the function G is continuous on its variables, we have G(z, Tz, Tz) = 0
which is a contradiction since T(z) # z.To establish uniqueness, suppose that y # z is such that Ty = y then (4) implies
that:

G(y,zz) = G(Ty, Tz Tz) < A[G(y, Ty, Ty)]* - [G(z, Tz, Tz)]? - [G(z, Tz, Tz)]*~*#
< AG(y, Ty, Ty)]* - [G(z, Tz, Tz)]* ™«
< MG,y »]* - [G(zz2)] =0

which yields that G(y, z, z) = 0 a contradiction. Hence, the observed fixed point is unique.

Corollary 11 . Let (X, G) be a complete G —metric space, and let T: X — X be a mapping satisfying the following
condition for some m € N,

G(T™x, T™y, T™z) < A[G(x, T™x, T™)]* - [G(y, T™y, T"V)]P - [G(z, T™z, T"2)]'~*F (5)
forall x,y,z € X \ Fix(T) and A € [0,1) and «, € (0,1). Then T has unique fixed point.
Proof. Let'sputS = T™. Using condition (5) then S satisfies
G(Sx, Sy, Sz) < A[G(x, Sx, Sx)]* - [G(y, Sy, Sy)1? - [G(z, Sz, Sz)]*~*F

That is S is on interpolative Reich—Rus—Ciri¢ type contraction. Thus, by Theorem 10, S has a unique fixed point x, that
is Sx = x. This proves that x is unique fixed point of T™
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Then x = T™(x). But T(x) = T(T™(x)) = T™"'(x) = T™(T(x)), so T(x) is another fixed point for T™ and by
uniqueness T(x) = x

References

1.

8.

9.

Z. Mustafa and B. Sims, A new approach to generalized metric spaces, Journal of Nonlinear and Convex Analysis,
vol. 7, no. 2, pp. 289 297, 2006

W. Shatanawi, Some Fixed point theorems in ordered G-metric spaces and applications, Abstract and Applied
Analysis, vol. 2011, Article ID 126205, 11 pages, 2011.

Kannan, R. Some results on ...xed points. Bull. Calcutta Math. Soc. 1968, 60, 71 76.

Karaprnar, E. Revisiting the Kannan type contractions via interpolation. Adv. Theory Nonlinear Anal. Appl. 2018, 2,
85 87.

Karapinar, E.; Alqahtani, O.; Aydi, H. On interpolative Hardy-Rogers type contractions. Symmetry 2019, 11,8

B. S. Choudhury and P. Maity, Cyclic coupled fxed point result using Kannan type contractions, Journal of Operators,
vol. 2014, Article ID 876749, 5 pages, 2014.

Mohamed Edraoui , Amine El koufi and Soukaina Semami Fixed points results for various types of interpolative cyclic
contraction Appl. Gen. Topol doi:10.4995/agt.2023.19515

Mohamed, E.; Mohamed, A.; Samih, L. Relatively Cyclic and Noncyclic P-Contractions in Locally K-Convex Space.
Axioms 2019, 8, 96. https://doi.org/10.3390/axioms8030096

N. Ta,s, Interpolative contractions and discontinuity at xed point , Appl. Gen. Topol., vol. 24, no. 1, pp. 145 156, Apr.
2023.

10.N. Bilgili, I. M. Erhan, E. Karapinar, D. Turkoglu, A note on Coupled xed point theorems for mixed g-monotone

mappings in partially ordered metric spaces, Fixed Point Theory Appl. Vol. 2014, 2014:120, 6 pp.

11.B. S. Choudhury, A. Kundu, Two coupled weak contraction theorems in partially ordered metric spaces, Revista de la

Real Academia de Ciencias Exactas., Fisicas y Naturales. Serie A. Matematicas. 108(2014), 335-351

12. Karapinar, E.; Algahtani, O.; Aydi, H. On interpolative Hardy-Rogers type contractions. Symmetry 2019, 11,8
13. Mustafa. M and Obiedat .H A Fixed Point Theorem of Reich in G-Metric Spaces CUBO A Mathematical Journal

Vol.12, N 001, (83-93). March 2010

20



