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Abstract 

In this paper some  fixed point theorems is established. A numbers of authors have define contraction mapping which 

are generalization of the well known Banach contraction. Some Fixed Point Iteration are established with examples.  
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Introduction  

Fixed point theory aims to understand the existence and  uniqueness and of fixed points and their applications in various 

areas of mathematics and other disciplines. There are many fixed point theorems whose applications provided powerful 

mathematical tools.In 1922, Banach created a fundamental result called Banach contraction principle in the concept of 

the fixed point theory. Later most of the authors intensively introduced many works regarding the fixedpoint theory in 

various of spaces.  

 The Banach fixed-point theorem also known as the contraction mapping theorem or contractive mapping theorem or 

Banach–Caccioppoli theorem) is an important in the theory of metric spaces. It guarantees the existence and uniqueness 

of fixed point of certain self-maps of metric spaces and provides a constructive method to find those fixed points. Huang 

and Zhang (2007) generalized the concept of metric spaces by replacing the set of real number with ordered Banach 

spaces and obtained some fixed point theorems of contraction mappings in cone metric spaces.  

 

Definition.  A map 𝑇: 𝑋 → 𝑋is said to be a contraction mapping if there exists a real number    

 
 

Theorem :  Banach Fixed Point Theorem.   

If  𝑋 is complete and 𝑇: 𝑋 → 𝑋 is a contraction mapping then 𝑇 has a unique fixed point in 𝑋. Proof. Uniqueness is easy: 

If 𝑥 and 𝑦 are both fixed points of 𝑇, 

Then  

         𝑑(𝑥, 𝑦) = 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 1𝑐𝑑(𝑥, 𝑦) 

which can happen only   

if 𝑑(𝑥, 𝑦) = 0, because 𝑐< 1, whence 𝑥 = 𝑦.  

To prove existence start with a point 𝑥0 ∈𝑋.  

Put  𝑥1 = 𝑇𝑥0. Put 𝑥2 = 𝑇𝑥1. 

In general for any positive integer 𝑛, put 𝑥𝑛= 𝑇𝑥𝑛−1. 

This defines a sequence {𝑥𝑛} in 𝑋. We claim that this sequence is Cauchy.   

Indeed, if 𝑚<𝑛, then   

 
Since 𝑋 is complete, there exists 𝑥∈𝑋 such that 𝑥𝑛→ 𝑥.  Since T is a contraction mapping, from the triangle inequality,  

we have   
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Hence 𝑑(𝑥, 𝑇(𝑥)) = 0 

This gives 𝑇(𝑥) = 𝑥 

 

Rational function   

Definition: A Rational function is the ratio of two polynomial functions  𝑅(𝑥) = 
𝑃(𝑥)

𝑄(𝑥)
 

Where 𝑃(𝑥) and 𝑄(𝑥)are polynomial functions and 𝑄(𝑥) ≠ 0.  

A point 𝑧0 is called a fixed point if    𝑅(𝑧0) = 𝑧0. 

𝑅(𝑧),𝑅2(𝑧) = 𝑅(𝑅(𝑧)),𝑅3(𝑧) = 𝑅2(𝑅(𝑧)), − − −𝑅𝑛(𝑧) = 𝑅(𝑅𝑛−1(𝑧)) 

A fixed point  𝑧 is called   

i)    An attracting fixed point     if |𝑅′(𝑧)| < 1 

ii)   A repelling fixed point     if |𝑅′(𝑧)| > 1 

iii)   A indifferent fixed point      |𝑅′(𝑧)| = 1 

 
Since |𝑧 − 𝑅(𝑦)| <𝛼|𝑧 − 𝑦|  where𝛼< 1 

𝑅(𝑦) gets attracted to z.  

 

Theorem: A rational function of degree 𝑑 has precisely 𝑑 + 1 fixed points.  

Example : 

             𝑅(𝑧) = 𝑧2 

             𝑅′(𝑧) = 2𝑧 

Here the fixed points are 0,1,∞ 

          |𝑅′(𝑧)| = 𝟎<𝟏  attracting 

          |𝑅′(1)| = 𝟑>𝟏  repelling  

  

Fixed Point Iteration  

Introduce a method to find a fixed point of a continuous function 𝑔. 

Initially start with 𝑝0. Iteratively define a sequence 𝑝𝑛 by 𝑝𝑛+1 = 𝑔(𝑝𝑛) 
 

 

 

Example:    
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Algorithm of finding the fixed point iteration for finding the root.   

Considering the several 𝑔 

 
All these g have same Fixed point but 𝑔3, 𝑔4 and 𝑔5 converges but 𝑔1 and 𝑔2 does not converges.  

 

References:   

[1]  Banach S. Sur les Operations dans les Ensembles Abstraits et leur application. Fund.  Math. Monthly 3,133-181  

[2]  Branciari A. A fixed point Theorem of Banach Caccippoli type on a class of generalized metric spaces . Publ. Math.   

 Debrecen, 57.  

[3]  Browder F.E. Nonlinear functional analysis  Springer Verlag World Pub.  

[4] Browder F.E.On the convergence of successive approximation for nonlinear functional  equations. Indag Math. 30,  

 27-38.  

[5]  Ciric L.B. Fixed point theorems for mappinf with generalized contractive iterate at a  point. Pub. Inst. Math, 13, 11- 

 16.  

[6]  Hadzic O, Common fixed point theorem for family of mappings in complete metric spaces. Math Japon, 29, 127-   

 134.  

[7]  Jaggi D. S. Some unique fixed point theorems. Indian J Pure and Appl. Mathematics.   8, 223-230.  

[8]  Radenovic S.   Common fixed point under contractive conditions in Cone Metric  Spaces. Compute.Math. Appl. 58,  

 1273-1278.  

[9]   M Abbas and B.E. Rhodes Fixed and periodic point results in cone metric spaces, 22,  511-515, 2009.  

[10] Xiaojing Ye, Numerical Analysis I , Math & Stat, Georgia State University.  

 

 

 

 

 

 




